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Abstract

For Knuth’s exercise 7.2.2.3-306(f) [I] we prove the exact closed form T,(m) = (4™ —
(m + 3)Cy,) for the total interval count, and for the total gap we prove Ty(z) = £(R)/z with
£ the divisor Lambert series and R = zA? the nonempty-Dyck generating function, giving
the finite divisor sum for Ty(m) and the asymptotic E[l; — s;] = 3 logm + (377 —1) 4 loem 4

3m

%/72 + O(logm/m?) by singularity analysis. The gap itself obeys the limiting law Pr[d; =
k] = 1/((k+1)(k+2)).

1 Setup

A Dyck path of half-length m is a sequence of heights ly, ..., loy With lg = loy, =0, I — I = £1,
Iy > 0; write Dyck,,, for the set, |Dycks,,| = Cy,. Knuth’s interval algorithm (b) maintains a stack
of intervals with a dummy (0, 00) at the bottom; at time ¢ it reads off

r = #{stacked intervals}, s = max{p : (p,q) stacked, p <1I; < g}, dy =13 — s¢ > 0.

We study the four totals over uniformly random (P, t),

2m—1

T.(m) = > > w(P) (re{nrlsd), E= o

PeDyck,,,, t=0

with dy = l; — s¢, hence Ty = T; — T,. These are exactly the quantities of the interval algorithm of
Knuth’s exercise 306(b): 7, is the stack size and s; the highest saved foot covering l;. Explicitly the
stack [po, qo], - - -, [Pr, @] keeps po =0, go = 00, 0 = pg < -+ < p,; step t reads r, = r and sy = pg
for the largest k with px <l < qx, and on a backward step (441 = I; — 1) updates the stack by: if
lg—1 < l¢, push (r < r+1, ¢, < l}); then set p, < l; then if p,_1 = p,, merge (¢,—1 + max(g-—1,qr),
r < r—1). We carry the example P = UUDDUUUDDD (m = 5) throughout; running it gives
gaps (d¢))_o = (0,1,2,1,0,0,1,3,1,0), summing to 9.

Catalan generating functions. C,, = mLH(%Z‘), and A(z) == )_,,5 Cm2™ satisfies
1—+v1—-4
A=1+24% A(z) = 27"‘ (1)
z
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Set R:=242=A—-1=3.,Cnz™ (nonempty paths), so A = 1 + R. The first-return decom-
position P = U Q D P’ is the combinatorial content of (1); iterating it underlies every recursion
below. We use repeatedly the power coefficients

N 2k+ N N [ 2k
k) AN k1 pN k 2\N
= () R e = () ez @
The level sum is classical ([2], Exercise 2.3.4.5-5):

Ti(m) =4 — (2m + 1)Cyy, Ti(z) = T 224" (z) — A(2). (3)

—4z
2 The interval count 7,
Theorem 1. For every m > 1,
4m — 3)C,

Proof. Decompose P into primitive arches P = II Il - - - IIx. When II; closes it deposits a perma-
nent foot-1 interval (the carry) that survives beneath Ily, ..., IIx and adds 1 to r; at each of their

2m — |II;| interior times, while inside each II; the algorithm runs as on II; standalone. Hence

K
=Y T(IL) + (2m — [T)). (4)
i=1
For a primitive arch II = UQD one has (1) = r,_1(Q), so T,(II) = T,(Q) + [Q # &]; summing
over arches of half-length k,

opi= Y T =T(k—1)+Chy (k>2), o1=0.
TT|=2k

Summing (4) over P € Dycks,,, via the first-arch convolution (II; of half-length j, remainder of
half-length m — j) and the carry defect ) p(2m — |II1]) = (m — 1)C,, gives
m
m):ZUij—‘rl—j _1 m = ZT Crn— n+Cm+1+(m 3)C

In generating functions, with T'(z) = 3, 5, Tr(m)z"™ and using A =1+ zA?,

_ ZA(2)
T(z) = 1= — (Az) —1). )
Finally [2™] ffiz = Z?:_OI 4nCry1p = 2-4™ 1 —(2m—1)C,,_1 by (3)’s convolution Do ACN—py =
24N — (2N +1)Cy, and (2m — 1)Cpp—1 = 2HLCypy; subtracting [2™](A — 1) = Cy, collapses to the
stated form. n

1 1
Corollary 2. E[l; — 2ry] = — — 3 since Ty — 2T, = (2 —m)Cyy, by (3).
m

Proposition 3. As m — oo,
T.(m) +/mm 14_ 9/m
2mC,, 4 4 32¢m

Proof. Crm = = (1 — g5 + O(m™?)), s0 g = Y5~ + 32‘/\/7% + O(m~%/2), while 7(”22‘2:’” =

1 +O(m™1); subtract. O

E[T‘t] = —I—O(m_l)




3 The gap, and its tail counts

The gap d; = l; — s¢ is pure path geometry: s; is the highest interval foot covering l;, and an interval
of foot v is created exactly by a down-step from level v. Tracking the most recent down-step from
the current level gives:

Lemma 4. Let pu; be the minimum height attained since the last down-step from level l; (and
ur = —1 if none). Then dy = (I — ) — 1, and for £ > 1,

die >0 = <l —L0—1,
i.e. the last dip below the current level has depth > £ + 1.

Proof. A foot v is installed at a down-step from level v and is never raised, while its ceiling only
rises. Since the last down-step from [; the path fell to its minimum p;; the deepest such step, from
level uy + 1, installed the foot u; + 1, and the path has since returned to I; without going lower, so
this is the highest foot covering ly: sy = uy + 1 (and s, = 0, py = —1, if no down-step from I, has
occurred). Hence dy = Iy — sy = (I — u¢) — 1, and the threshold form follows. O

Accordingly we study the tail counts

he(m) = #{(P,t) :dy > £} (P € Dycky,,, 0 <t <2m),  Ty(m)=Y hy(m),  (6)
>1

the last identity being d¢ = >, [dr > £].

4 The tail identity by generating functions

For a single path write hy(P) = #{t : d; > ¢} and wy(P) = #{t : s; = 0, l; = ¢} (the fresh level-¢
events, where the cover query returns only the dummy). The first-arch decomposition P = II; P”
peels a carry C = (1, max II;) — where maxII is the peak height of an arch IT — that lifts s; from
0 to 1 at each fresh P”-event of level < maxIly; reading I} = UQ'D by elevation (run on @’ one
level up) lowers ¢. Together,

hg(P) = he(Hl) + hg(P//) - [Inaxﬂl Z E] wg(P//), we(P) = U)g(Hl) + [male < E] wg(P//), (7)

we(UQ'D) =we—1(Q"),  he(UQ'D) = he(Q'") +we—1(Q"), (8)

the elevation (8) because elevation preserves every gap except at fresh events, where it lifts the gap
by one. Let Hy = )" hy(m)z™ and Wy = >, w;(m)z™. Summing (7) over P = II; P” (the arches
have GF zA; low arches with maxII < /¢ — 1 have GF Sy_; := 2A<¢_», with A<}, the height-< k
Dyck GF), and using the arch tail 3, hy(I)2™/2 = 2(H, + W,_,) from the elevation (8), gives
with 1 — 24 =1/A, 1 - 24%2 =2 — A:

arch

Hy=2zA*(Hy+ Wi_1) — A(zA — Se_) W, Wi(1 = Sp—1) = zZAW;_q, Wy =A%—A. (9)

Proposition 5. For every £ > 1 and m > 1,

RZ—H

hg(m) = [Zm+1] 1_7}%



Proof. Solving (9) for H, (with 1 — 242 = 2 — A) and using the W-recursion to cancel the S;_;
terms gives Hy(2 — A) = Wy, i.e. Hp=W,/(2 — A) = Wy/(1 — R). The denominators A<y, satisfy
the continued fraction A<; = 1/(1 — 2A<}_1), A<o = 1; induction (using A =1+ R, zA = R/A)
yields the linchpin

1— Rk+3 1— R€+1

L= ga—mry = 1 T gu_ gy

(10)

The W-recursion of (9) then solves to Wy = (1—R)R*™/(2(1—R*1)) (base W = A%— A matches),
whence Hy = W, /(1—R) = R**1/(2(1—R*)) and he(m) = [z™|H, = [z™P R /(1-R7Y). O
5 The exact gap sum

Theorem 6. With £(z) == > -, % = > n>2(d(N) — N the divisor Lambert series (d =
number of divisors),

T = 11
s(z) = 20, ()
and for every m > 1,
1 X 2m + 2 1/2m+2
T, = — Nd(N - = . 12
a(m) 12 ()(m—i—l—N) 2<m+1> (12)

Proof. Summing Proposition 5 over ¢ and using Ty = ) _, hy from (6),

m—+1 R“_l m—+1 R" m—+1
Ta(m) = Z[z ]1_7]#“ = [z ]Z 1R [T ]E(R),
>1 n>2

which is (11). For the finite form, expand each tail geometrically and read coefficients by (2): with

By(m) = [z RN = A 2ni2),

he(m) = Biyry;(m),  Ta(m) = > Byry;(m) = > _(d(N) 1) By(m),

i>1 >1 j>1 N>2

since for fixed N the pairs (¢,7) with (( +1)j = N, £+ 1 > 2, number d(N) — 1. This is the

divisor function counted, not extracted. Folding the “—1” by Z’ﬁi% N (rfﬁt%v) = mTH(Qrij) gives
(12). O
The first stratum collapses to a single binomial, hi(m) = (TsTl) = mCy,, so Pr[d; > 1] = %;

the higher strata stay genuine finite sums whose recurrence order grows with ¢ (the singularities of
R*1/(1— R**1) are the (£+1)-th roots of unity). Summing over £ makes these dense on |R| = 1, a
natural boundary of £(R); as a D-finite series has only finitely many singularities, T, is not D-finite

although every stratum is. The limiting law follows from hy(m) ~ m (%fo):
Prld, > 0] = — Prld, = k] — ! (m — o) (13)
r —_— r[d; = _— m — 00).
L= (+1 ! (k+ 1)(k + 2)



6 Asymptotics of the gap sum

The mean is governed by the singularity of Ty(z) = £(R)/z at z = 1, where R — 17. Set

§:=—logR— 0".

Lemma 7 (Wigert). Asd — 0t

_ 1 + log(1/6) 1 1)
Né& __ 7 g L 3
Zd(N)e _26"5—1_ 5 +4 144+O(5)
N>1 n>1

Proof. Mellin: ﬁ has transform ((s)I'(s) on n, so the sum equals 5= f(c) C(s)’I'(s)6~*ds, c > 1.
Shifting left, the double pole at s = 1 gives 6 !(log(1/6) + ), the simple pole at s = 0 gives
€(0)2 = 1 and s = —1 gives ((—1)?(—0) = —6/144 (as ((—1) = —3); the trivial zeros kill
s = —2k, and s = —3 gives O(6°). (See [, 4, 3].) O

Subtracting the n = 1 term R/(l ~R)=(-1)"t=01-3+ % + O(6%) from Lemma 7
(note 3,51 Tigw = Ly d(N)RY, R=e7%):

log(1/6)+~v—1 3 136

3
_ 3_ 130 14
£(R) 5 +ty 1444—0(6) (14)
Theorem 8. As m — 00,
Ty(m) 1 3y logm v+ 1/72 logm
B[l — 5] = S (7_1) O( )
[l = 5] 2omC,, 2 ogm + 2 + 3m + m + m2
Proof. Put e :=1—4z, u:=\/e. Then R = 1+u,805——logR—2arctanhu—2u+2u3+0( %),

and 1/z = 4(1 + € + O(¢?)). Substituting these and log(1/8) = 3log(1/e) — log2 + O(e) into
Ty(z) = £(R)/z via (14) yields the singular expansion in a A—domain at z = 1

24y —24log2 — 49

log% N 2(y—1—log?2)
18

Ve Ve

By the transfer theorem ([3], Thm. VI.3), with ¢ the digamma function,

Ty(z) = Ve +O0(e?log 1).

2
+3+§\@log%+

2m
[0S = () [+ ) 4+ 210g2], [ = (), [MIVE = —Amd
[z ]\flog 2 2(m )1 [2—1p(m — 1) —~v—2log2], [2™0(%/? 10g) = O(4™ log m/m5/2).
Dividing by 2mC,, = m—f’&(i’:) (so (QT’:)/(QmC ) =3+ 55 and () /((2m — 1)2mCyp) = £ +
5= + ), and using Y(m+ 1) zlogm+24m2 +o p(m—3) = logm—%—ﬂm2 + -, the
four terms contribute 1 logm + (3 — 1) + logmfn?” 20, longrVﬁts 10g2=2 " and % (to

)logm _ logm

O(logm/m?)). The logm/m parts give (5 — &)= 55 in the constant-/m part the log2
cancels and the rationals combine to v + 7—12 O

Equivalently E[l; — s;] = 1 H,, + (v — 1) +0(1) with H,, the m-th harmonic number: the answer
is essentially half a harmonic number, the ~ entering through the divisor density >_ N<z d(N) =
zlogz + (2y — )a + O(V/x).



Small values, and checks. Every formula is confirmed by direct enumeration:

m |12 3 4 5 6 7 8
T,(m) |0 3 17 79 344 1454 6047 24903
Ty(m) |1 5 22 92 376 1519 6097 24377

For instance T;(3) = 22 is the sum of the gap totals 9,5,4,3,1 over the five paths UUUDDD,
UUDUDD, UUDDUD, UDUUDD, UDUDUD of Dycks. The leading term and the constant
377 — 1 of Theorem 8 need no complex analysis: Dirichlet’s hyperbola method for » y_, d(N) =

xzlogz + (27 — 1)z + O(y/z) and the local central limit estimate (ﬁﬂt%v)/(%ff) ~ e NV/m for

the binomial weights give them with error O(mfl/ 4); the singularity analysis is needed only for
the I%ilm and - corrections. Numerically, exact T;(4096) gives E[l; — s;] — 3logm = —0.13336,

matching (3 — 1) + 2™ 4 1T — 013418 + 0.00068 + 0.00014 to all places shown.

7 Full reuse occurs exactly half the time

Proposition 9. For every m > 1, #{(P,t) : sy = l;} = mCyp, = (WQLT_”I), i.e. Prld, = 0] = 3.
Proof. By Lemma 4, s; = [, iff the last dip below [; has depth exactly 1 (or I; = 0). The level-0
times have GF A% — A; for v > 1 the configuration (path up to v, a depth-1 descent, an above-v

excursion, then down to 0) has GF 3 VT AZVH3 = fjf; = %. The total is (42— A)+ ;27‘4: =

% =2zA'(z) = 3,51 mCpz™, and mCy, = ( 2m ). O

m—1

This matches hy(m) = (rsinl) of §5: positive gap and zero gap each occur with probability %

Two questions remain open: a non-uniform bijective proof of the gap-tail identity hy(m) =
[z RAL /(1 — R, and the variance of Iy — s, (its limiting law Pr[d; = k] — 1/((k+ 1)(k +2))
is (13)).
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